We prove that the double inequalities
Introduction
For p ∈ R, the pth power-type Heronian mean H p (a, b) of two positive real numbers a and b is defined by 
holds for all a, b >  with a = b if and only if p ≤ log /(log π -log ) and q ≥ /. Sándor [] presented the inequalities
Yang et al. [] proved that the double inequality
holds for all a, b >  with a = b if and only if p ≤ / and q ≥ log /( + log ).
In [], Yang established the inequalities
In [, ], the authors proved that the double inequalities
, and β ≥ /, where p  = . · · · is the unique solution of the equation p log(/π) -log( +  -p ) + log  =  on the interval (/, ∞), and p  = log(π -
The main purpose of this paper is to present the best possible parameter α, β, λ, and μ such that the double inequalities
Lemmas
In order to prove our main results we need two lemmas, which we present in this section.
Lemma . Let p ∈ (, ) and
Then the following statements are true:
and f  (x) = f  (x)/(x). Then elaborated computations lead to
It follows from (.) and p = log /( + log ) = . · · · together with p  + p  -
Inequality (.) implies that f  (x) is strictly decreasing on [, ∞). Then (.) leads to the conclusion that there exists λ  ∈ (, ∞) such that f  (x) is strictly increasing on [, λ  ] and strictly decreasing on [λ  , ∞).
It follows from the piecewise monotonicity of f  and (.) that there exists λ  ∈ (λ  , ∞) such that f  (x) is strictly increasing on [, λ  ] and strictly decreasing on [λ  , ∞).
From (.) and the piecewise monotonicity of f  we clearly see that there exists λ  ∈ (λ  , ∞) such that f (x) is strictly increasing on [, λ  ] and strictly decreasing on [λ  , ∞).
Therefore, part () follows from (.) and the piecewise monotonicity of f .
Lemma . Let p ∈ (, ] and
Proof For part (), if p = , then (.) becomes
. Then elaborated computations lead to 
Main results

Theorem . The double inequality
holds for all a, b >  with a = b if and only if α ≤ / and β ≥ log /( + log ) = . · · · .
Proof Since X(a, b) and H p (a, b) are symmetric and homogeneous of degree one, we as-
Simple computations lead to
where Therefore,
for all a, b >  with a = b follows from (.), (.), (.), and the piecewise monotonicity of F. Next, we prove that α = / and β = log /(+log ) are the best possible parameters such that the double inequality
Equation (.) and inequality (.) imply that there exists large enough
Let p > /, x > , and x → . Then elaborated computations lead to 
